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[57] ABSTRACT

Disclosed are methods for determining the largest subset of
points that remains within a set of points S (i.e., shape S)
when S is subjected to a motion M. These methods, which
are generally designated herein as unsweep (or formalisti-
cally unsweep(S,M)), can be implemented (preferably by
computer) for a variety of practical purposes, for example
mechanical parts design. In this instance, simply by knowing
the motion to be experienced by a part and the envelope
wherein the part must fit during motion, unsweep can define
the largest part that fits within the envelope according to the
given motion. While direct part shape output is obtained, no
part shape needs to be proposed beforehand, and thus the
design process is no longer an iterative process of proposing
shapes and correcting them in the case of interference.
Further, unsweep is related to the known sweep function and
can be used to obtain sweeps as well as unsweeps.
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METHODS AND APPARATUS FOR SHAPING
MOVING GEOMETRIC SHAPES

GOVERNMENT LICENSE RIGHTS

The U.S. Government has a paid-up license in this inven-
tion and the right in limited circumstances to require the
patent owner to license others on reasonable terms as
provided for by the terms of NSF Grant No. DMI 9502728
awarded by the National Science Foundation.

FIELD OF THE INVENTION

This disclosure concerns an invention relating generally
to modeling of geometric shapes, and more specifically to
modeling moving geometric shapes based on their motion
relative to other geometric shapes present in the same space.

BACKGROUND OF THE INVENTION

The precise modeling of moving geometric shapes has a
high degree of importance in numerous applications, e.g.,
CAD/CAM (computer-aided design and manufacturing)
applications and computer graphics, visualization, and
imaging applications. In general, modeling of moving geo-
metric shapes is performed by an operation commonly
known as sweep (or sweeping). If a shape is defined by a set
of points S, and the set S moves on path M, the sweep of S
along M is the set of points swept (or occupied) by S at some
time during the motion. To explain sweep mathematically, it
is first valuable to review several background concepts of
spatial modeling.

Consider a shape (a set of points) S with its own coordi-
nate system F_ moving in a d-dimensional Euclidean space
W with respect to some global fixed coordinate system F,,.
Following the notation assigned by reference 10 of the
Bibliography at the end of this disclosure, the motion of the
shape S can be expressed as M(t), t € [0,1], a one-parameter
set of transformations in the higher-dimensional configura-
tion space C. For the purposes of this invention, the concepts
of “transformation” and “motion” are interchangeable and
are commonly represented by matrices. Additionally, this
discussion will refer to rigid body motions for illustration
purposes but, except when noted, all discussion and results
apply to general non-singular affine transformations in E7.

At every instant t=a, the original point x of S moves to a
new location that is determined by the transformation M(a).
Superscript notation will be used to define the transformed
points (and set of points) as

FOM(a), SMO=M(a)s )

The transformation q € M(t) for some instantaneous value
t determines the position and orientation of F, with respect
to F,, at that instant and therefore determines the coordinates
of every point x? of the moving set S with respect to F, . By
definition, a point x € S is located at X" with respect to F,,.

In the special (but common) case of rigid body motion in
three-dimensional Euclidean space, each transformation
M(a) specifies rotation and translation of S at time a with
respect to F,. Rigid body motion in a d-dimensional space
is determined by d(d+1)/2 independent degrees of freedom
as a path in the configuration space C. The mathematical
properties of such a configuration space are well understood
(see, e.g., reference 10 of the Bibliography at the end of this
disclosure).

For a range of values of t, M(t) is a subset of the
configuration space C. For brevity, the set M(t), t € [0,1] may
simply be denoted as M. A motion M specifies how the
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2

moving coordinate system F, moves with respect to the fixed
coordinate system F, . Every point x of set S moves with
respect to F,, according to M, as illustrated in FIG. 1.
Two-dimensional examples are used for clarity, but the same
arguments hold in any d-dimensional space. As t goes from
0 to a, the moving point x¥® sweeps, with respect to the
fixed frame F,, a set of points T, called the trajectory of x.
The trajectory T, is defined as

Ty= M(tx = qu @

geM

Each instantaneous transformation M(a) in equation (1)
has a unique inverse M (a) such that x=M (a)[M(a)x]. Given
a transformation M(t) for a range of values of t € [0,1], we
will call transformation M (t) inverted if it is the inverse of
M(t) for every instance of t.

Consider the point y as being the copy of point X € S in
F,, at the initial configuration. Point y is fixed in F,, and does
not move with set S, but rather it moves relative to S. To an
observer placed at the origin of F_ the moving point X € S
will appear to be fixed while the fixed coordinate system F,,,
and the point y fixed in F,, will appear to be moving
according to the inverted motion M (t). In other words, the
moving observer will see the inverted trajectory

To= M@ox = qu ©)

geM

This is illustrated in FIG. 2. Note that the point y is
introduced only to illustrate the difference between what the
observer sees from the two coordinate systems F,, and F,. To
paraphrase, the trajectory of the moving point x, observed
from F,, is generated by the motion M, while the trajectory
of the same point X, observed from F, is generated by the
inverted motion M. Intuitively, T, represents the trace left by
moving point X as seen from F, , while T, is the trace of x
as seen from F,. Therefore, while observed from the fixed
coordinate system F,, the points x of S are moving accord-
ing to M, and while observed from the moving coordinate
system F_, the “world” appears to be moving according to
M. For example, when M is a pure translation, the two
trajectories T, and T, are simply reflections of one another
with respect to the origin, i.e., Tx=—Tx (see, e.g., reference
17).

To introduce the concept of relative motion, consider a
moving set E that moves according to the absolute motion
Mg, and denote the absolute motion of set S by Mg. In the
general case, two objects always move relative to each other.
Sometimes one of the objects is at rest with respect to F,,,
which is only a particular case wherein the relative motion
between the two objects happens to be identical with the
absolute motion. One can express the relative motion in any
coordinate system that can be defined in the space of the
objects, but it is usually expressed in one of the coordinate
systems attached to each of the two objects and which moves
together with the objects. Since sets S and E move relative
to each other, their relative motion can be expressed in a
coordinate system attached to S by

M, S/E=M EilMs (4)

and, consequently, in a coordinate system F attached to E
by

My s=Ms M, ®

Copy provided by USPTO from the CSIR Image Database on 03-31-2000
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Equation (4) expresses points of F, in F, while equation (5)
expresses points of F, in F..

It is then relevant to review how relative motions and
trajectories can be represented in projective space. General
affine transformations in E? can be represented as linear
transformations in projective space using homogeneous
coordinates and (d+1) x(d+1) matrices (see, e.g., reference
17). Thus, if motion M(t) is given by a matrix A(t), then the
inverted motion M (t) is given by the inverse of this matrix
A(1). In the case of a rigid body motion in E, this may be
depicted as

©)

(€]
A(z):[ (1) T(I)]

00 01

and

0]

o) —®T(t)T(t)}
00 01

AN = [

where 6(t) and t(t) respectively represent the rotational and
translational components of the motion M(t). In the case of
pure rotation, 7(t)=0 and A~'(t) is obtained from A(t) by
replacing the orthonormal sub-matrix 0(t) with its transpose
67(t). When M(t) is a pure translation, 6(t) is the identity, and
A(t) is obtained from A(t) by replacing () with its
reflection —t(t).

If a point x is represented by a vector v, and a motion M(t)
is represented by a matrix A(t), the trajectory T, can be
written in parametric form simply as A(t) v.

The parametric form of the curve T, is suitable for
computing the intersection of T, with the boundary of a
given set (typically solid) S, as needed for the PMC proce-
dure developed below. In the general case, this representa-
tion of T,. would use trigonometric functions, and it may be
useful to re-parameterize T, in a computationally more
convenient form.

With this background in mind, sweep may be formally
expressed as

sweep(S, M) = US‘? ®)

geM

where S? denotes set S positioned according to q. Following
the above notation and definitions from equations (1) and

(2), equation (8) can be reexpressed as
M@s = Js? O
qeM

where the sweep M(t)S is the “trace” left by a set of points
S that is moving according to M(t), t € [0,1]. This is
illustrated schematically by FIG. 3, wherein a rectangular
2-dimensional set S in general motion M with respect to a
fixed coordinate system is shown.

The formulations of equations (8) and (9) assume that the
sweep is computed from the fixed coordinate system F,,
“observing” the moving coordinate system F_.

Sweep can also be defined as observed from the moving
coordinate system F_:

sweep(S, Il71) = USq 10)

geM

The sweep of set S according to the inverted motion M is
quite distinct from that defined in equation (8), as illustrated
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4

by FIG. 4. Note that in both definitions of sweep, the
trajectories of distinct points of S generated by the same
transformation M(t) need not be congruent, and in general
the relationship between these trajectories is not simple.

It must be remembered that sweeping is technically not a
method for modeling shapes, but rather a method for mod-
eling the motion of a known shape, or more informally, the
“track” or space traversed by a shape in motion. Sweeping
is nevertheless extensively used to assist in constructing and
modeling shapes and surfaces in both academic and com-
mercial systems, as discussed in the references cited in the
later Bibliography. However, as these references also note,
sweeping is subject to both intrinsic mathematical or logical
limitations, as well as practical computational limitations
regarding the size and complexity of the operation.

One major limitation is that sweeps of simple shapes
moving in simple motions can be computed in special
situations, but not for general shapes and motions. As an
example, sweeps of simple shapes (e.g., linear polyhedra)
moving in simple linear translations can be computed, but
sweeps of complex shapes (shapes more general than linear
polyhedra) which rotate and/or translate nonlinearly can run
afoul of both the intrinsic and practical problems noted
above. In particular, while several methods for generating
candidate surfaces bounding the sweep are known (see
references 1, 12, and 19 of the Bibliography at the end of this
disclosure), robust procedures for a point membership clas-
sification (PMC) to determine if a given point is in, on, or out
of the sweep defined by expression (8) have been identified
only in special situations (see, e.g., reference 7 of the
Bibliography). Such situations include: restricting the type
of the moving object S, for example to a ball, a convex
polyhedron, or a planar cross-section that remains orthogo-
nal to the trajectory; allowing only simple motions M that
prevent self-intersections in the sweep, or limiting them to
simple translations and rotations; formulating PMC proce-
dures in terms of heuristic numerical sampling and searching
algorithms; using rendering methods to compute the image
of the sweep without actually computing the complete
representation of the sweep; or combinations of some or all
of these approaches.

A second major limitation is that in order to perform the
sweep operation, both the shape and its motion must be
defined. While this limitation may seem so apparent that it
does not merit mention, it implies a more subtle disadvan-
tage: the object of most design and modeling efforts is to
determine a suitable or optimal shape, and since sweeping
cannot be performed with an unknown shape, sweeping does
not provide direct assistance in determining a suitable or
optimal shape. In this situation, sweeping is used for testing
shapes that are initially proposed by designers. To illustrate
with a more specific example, consider the problem of part
collision (interference) in mechanical design. Interference of
static (fixed) parts within an assembly or enclosing envelope
can be determined in a straightforward fashion by comput-
ing intersection of the corresponding solid models of the
parts. Packaging of moving parts by use of the sweep
operation is more difficult. A typical situation is shown in
FIG. 5: a part S having a defined shape (the shape either
being proposed or final) moves within envelope E according
to motion M, and must fit inside E while in motion in order
to avoid interference. A common way to approach this
problem has been to test if E N sweep(S,M)=¢ (if the
intersection between E and the sweep of S according to M
is empty) or if sweep(S,M)—E is not equal to ¢, as illus-
trated in FIG. 6. This test may be difficult to implement
owing to the limitations of sweeps noted above. Even when
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fully implemented, the result of the test is binary: a “yes” or
“no” answer is generated, and a “no” answer only indicates
that interference occurs without suggesting how S should be
modified to fit inside E during M. To perform such
modifications, designers must use their experience and intu-
ition to successively redesign and test new shapes S, and this
iterative process is inefficient and costly; see, e.g., publica-
tion 8 in the Bibliography below.

SUMMARY OF THE INVENTION

The invention, which is defined by the claims set out at the
end of this disclosure, is directed to methods and apparata
for shaping moving geometric shapes in relative motion.
These methods and apparata utilize a new geometric mod-
eling operation which will be referred to herein as unsweep.
The unsweep operation asks not whether a defined shape S
fits within envelope E during defined motion M, but rather
asks what is the largest shape S that fits within envelope E
during M. Rather than yielding information as to whether or
not the shape S exceeds the envelope E (a binary “yes” or
“no”), the unsweep operation instead provides direct shape
information in the form of the largest shape S that fits in
envelope E.

For the sake of summary, several preferred embodiments
of the invention will now be described. Initially, the inven-
tion encompasses a method for shaping a geometric model
of an object, e.g., a mechanical part, which has initially
undefined shape. A motion M for the object is defined, and
may consist of one or more of rotation, translation,
deformation, scaling, perspective, and visibility, taken either
simultaneously or sequentially. An envelope E (i.e., a set of
cells) wherein the object moves with motion M is also
defined. The envelope E is then unswept in accordance with
motion M, the unsweep operation taking any of the various
forms discussed at greater length below in the Detailed
Description of the Invention section of this disclosure. For
example, multiple cells can be defined within E, each cell
containing one or more points, and each cell can be tested to
see whether it remains within E if it moved according to
motion M. The cells remaining within E can then be
retained. As another example, E N (E moving in accordance
with the inverse of M) cacale calculated, either absolutely or
at discrete time intervals during M. In any case, the unsweep
operation results in a set of cells or points S which is the
largest subset of E fitting within E at all times during motion
M.

In the case where the object being shaped is a mechanical
part having initially undefined shape, E can be defined as the
enclosure wherein the part must operate without collision
(i.e., interference), and the motion M can define the relative
motion of the mechanical part with respect to the enclosure.
In this case, the shape S will represent the largest part S that
can fit within enclosure E without interference. The shape S
can be used directly as the design for the part, or the part can
be designed within the space of shape S to reduce its size.

In the case where the object being shaped is an enclosure
having undefined shape wherein a mechanical part of known
shape must operate without interference, E can be defined as
the complement of the shape of the mechanical part and M
can be defined as the inverse of the relative motion of the
mechanical part with respect to the enclosure. The comple-
ment of the shape S will then represent the smallest enclo-
sure wherein the part can operate without interference, i.c.,
the walls of the enclosure must be designed outside the
complement of S.

In the case where the object being shaped is a first
mechanical part having undefined shape which moves in
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conjugate motion with a second part having defined shape,
E can be defined as the complement of the shape of the
second part and M can be defined as the inverse of the
conjugate motion of the second part with respect to the first.
The shape S will then represent the largest first part that can
move in conjugate motion with the second part. The shape
S can be used directly as the design for the part, or the part
can be designed within the space of shape S to reduce its
size.

The invention also encompasses shaping using the
unsweep operation to determine swept shapes. This can be
useful, for example, if one wishes to shape the path traversed
by all points of a cutting head during its travel to model the
material removal effected by the head. The sweep can be
obtained by using the complement of envelope E in place of
E (ie., by defining E as the complement of the actual
envelope E of interest) and the inverse of motion M in place
of M (i.e., by defining M as the inverse of the actual motion
of interest), and then determining the complement of the
shape S determined by the unsweep operation.

Additionally, the invention encompasses the use of the
known sweep operation to determine unswept shapes. A
motion M for the object is defined, as well as an envelope
E (i.e., a set of points or cells) wherein the object moves with
motion M. The complement of the envelope E can then be
swept in accordance with the inverse of motion M to obtain
the complement of the unsweep of E in accordance with M,
that is, the complement of the shape S equal to the largest
subset of points fitting within E at all times during motion M.

The invention also encompasses apparata for performing
the methods described above. Such apparata include motion
defining means for defining a motion M, envelope defining
means for defining an envelope E wherein the motion M
occurs, and calculating means for determining the largest
shape S that fits within E at all times during motion M. As
will be discussed at greater length below in the Detailed
Description of the Invention section of this disclosure, the
calculating means is preferably provided by appropriately
configured software and/or firmware. The motion defining
means and envelope defining means can then take the form
of appropriate input devices by which users or automated
devices (e.g., sensors) can specify motions and envelopes.
For example, when the apparatus is embodied in a computer
running a computer aided design/computer aided manufac-
turing (CAD/CAM) program, the user may simply specify
one or more of the motion and envelope via keyboard input.
As an illustration of the results obtained by this embodiment
of the inventive apparatus, the CAD/CAM program could be
used to define boundaries wherein a part must be designed
to avoid interference with envelope E when moving in
accordance with motion M. As another example, where the
apparatus is embodied in a manufacturing quality control
system, optical imagers or other sensors which can sense
locations/dimensions can be used to define envelopes and/or
motions. To illustrate results obtained by this embodiment of
the inventive apparatus, such a quality control system could
propose the largest part that would acceptably fit and operate
within the envelope without interference. In this case, the
apparatus could further include part defining means (e.g.,
sensors of user input devices) for defining the shape of a
candidate part. Comparison means, e.g., software and/or
firmware having embedded logic operations, can then be
used to determine whether the candidate part fits within the
space occupied by the proposed part.

The advantage of the unsweep operation may be best
appreciated by reviewing the case of parts design. As noted
above, parts design is generally an iterative process: a
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proposed part shape is tested versus its operating envelope
E in accordance with its motion M (either physically or by
use of the known sweep operation), and if it does not work,
the part is redesigned. The process is then repeated. The
unsweep operation, on the other hand, allows one to start
without a proposed design and use the envelope E and
motion M to define the largest shape S fitting within E
during M. If envelope E and the relative motion M between
the part and its envelope are properly defined, unsweep(E,
M) effectively provides the shape S of the largest part that
would work. The part can then be redesigned within the
envelope S for size, cost, or other reasons, or the part can
simply be produced on the basis of space S. It can thus be
appreciated that the unsweep operation provides an
extremely valuable tool for the design and modeling of
moving mechanical parts and assemblies, particularly where
parts are in conjugate motion (cams, gears etc.), as well as
in collision detection.

However, the advances provided by the unsweep opera-
tion extend beyond mechanical design and extend to numer-
ous other shape modeling applications, e.g., in computer
graphics and imaging. The unsweep operation is applicable
to objects and motions of all types and dimensions. It is
mathematically deterministic and uses well-defined compu-
tations to obtain an informationally complete representation
of the moving shape(s), which can then be stored or dis-
played. No trial-and-error approaches, subjective
judgments, or unspecified heuristic method steps are
involved. The unsweep operation is useful in virtually any
applications wherein moving geometric objects must be
modeled.

Further advantages, features, and objects of the invention
will be apparent from the following detailed description of
the invention in conjunction with the associated drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 is a schematic view illustrating the trajectory of a
point x generated by motion M(t) as seen from the fixed
coordinate system F,,.

FIG. 2 is a schematic view illustrating the trajectory of a
point x generated by motion M(t) as seen from the moving
coordinate system F..

FIG. 3 is a schematic view illustrating the sweep of a
rectangular two-dimensional set S in general motion M with
respect to a fixed coordinate system F,.

FIG. 4 is a schematic view illustrating the sweep of the
rectangular two-dimensional set S of FIG. 3 moving accord-
ing to the inverted motion M.

FIG. 5 is a schematic view of a shape S in an envelope E
according to motion M.

FIG. 6 is a schematic view in accordance with FIG. §
illustrating shape S in various locations according to M.

FIG. 7 is a schematic view of moving set F as observed
from stationary set E at time t=a.

FIG. 8 is a schematic view in accordance with FIG. 7
illustrating set E moving wit motion M, the inverse of
motion M of FIG. 7.

FIG. 9 is a schematic view illustrating set E, motion M,
and the set unsweep(E,M).

FIG. 10 is a schematic view illustrating set E, motion M,
and the set unsweep(E,M).

FIG. 11 is a schematic view illustrating the PMC (Point
Membership Classification) for two points within set S, one
point being “in” S (having a trajectory always remaining
inside S) and another having a trajectory passing outside S
at some time.
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FIG. 12 is a schematic view illustrating the PMC for a
point x whose trajectory is “on” or “out” of S.

FIG. 13 is a flow diagram of the PMC procedure for a
point x within set S moving with motion M.

FIG. 14 is a flow diagram of one embodiment of the
unsweep operation.

FIG. 15 is a flow diagram of another embodiment of the
unsweep operation.

FIG. 16 is a flow diagram of the use of the unsweep
operation to determine sweep.

FIG. 17 is a flow diagram of the determination of the
boundary representation of unswept set.

FIG. 18 is a flow diagram of the approximation of
unsweep by use of finite intersections of sets at different
times.

FIG. 19 is a flow diagram of another embodiment of the
unsweep operation.

FIG. 20 is a flow diagram of another embodiment of the
unsweep operation.

FIG. 21 is a flow diagram of another embodiment of the
unsweep operation.

FIG. 22 is an orthogonal view of a shape S.

FIG. 23 is an orthogonal view of the unsweep of the shape
S superimposed with S, the shape moving in accordance
with the motion depicted in FIGS. 24-26.

FIG. 24 is a view of the motion of the shape S of FIG. 22
as seen in the YZ plane.

FIG. 25 is a view of the motion of the shape S of FIG. 22
as seen in the XZ plane.

FIG. 26 is a view of the motion of the shape S of FIG. 22
as seen in the XY plane.

FIG. 27 is a flow diagram illustrating the determination of
unsweep using the set complement of finite intersections of
swept sets at different times.

FIG. 28 is a flow diagram illustrating the determination of
unsweep using the set complement of the boundary repre-
sentation of the sweep.

FIG. 29 is an orthogonal view of the unsweep of a
cylinder E having motion M about the illustrated hole.

FIG. 30 is an orthogonal view of the unsweep of the
united cylinder and sphere E having motion M.

FIG. 31 is an orthogonal view of the unsweep of the
cylinder E having motion M consisting of a series of two
rotations.

FIG. 32 is an orthogonal view of the sweep of the united
cylinder and cube E moving according to motion M, wherein
the sweep was determined as the unsweep of the comple-
mented set E moving according to the inverted motion M.

FIG. 33 is a schematic diagram in accordance with FIGS.
5 and 6 illustrating application of the unsweep operation.

FIG. 34 is a flow diagram illustrating the process of
determining the portion(s) of a part S that does not fit within
envelope E by use of the unsweep operation.

FIG. 35 is a schematic diagram of a cam follower having
motion My and the unsweep of the follower’s shape in
accordance with M.

FIG. 36 is a flow diagram of the use of the unsweep
operation to design cams.

FIG. 37 is a flow diagram of the use of the unsweep
operation to design gears.

FIG. 38 is an orthogonal view of the unsweep of the
prismatic solid S in accordance with a 360° rotation.
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